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Abstract
The Padmakar–Ivan index of a graph G is the sum over all edges uv of G of number of edges which are not equidistant from
u and v. In this work, an exact expression for the PI index of the Cartesian product of bipartite graphs is computed. Using this
formula, the PI indices of C4 nanotubes and nanotori are computed.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
Let G be a connected graph with vertex and edge sets V (G) and E(G), respectively. As usual, the distance between
the vertices u and v of G is denoted by d(u, v) and it is defined as the number of edges in a minimal path connecting
the vertices u and v.
A topological index is a real number related to a graph. It must be a structural invariant, i.e., it does not depend
on the labeling or the pictorial representation of a graph. There are several topological indices have been defined
and many of them have found applications as means for modeling chemical, pharmaceutical and other properties of
molecules.
The Wiener index W was the first topological index to be used in chemistry. It was introduced in 1947 by Harold
Wiener, as the path number for characterization of alkanes [22]. In chemical language, the Wiener index is equal to
the sum of all shortest carbon–carbon bond paths in a molecule. In graph theoretical language, the Wiener index is
equal to the count of all shortest distances in a graph. For more information on the Wiener index and its applications
we encourage the reader to consult papers by Dobrynin and co-authors [9,10] and references therein.
Let G be a graph and e = uv an edge of G. neu(e|G) denotes the number of edges lying closer to the vertex u than
the vertex v, and nev(e|G) is the number of edges lying closer to the vertex v than the vertex u. The Padmakar–Ivan
(PI) index of a graph G is defined as PI(G) = ∑e∈E(G)[neu(e|G) + nev(e|G)]; see for details [14–18]. In this
definition, edges equidistant from the two ends of the edge e = uv are not counted. We call such edges parallel to e.
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The number of edges parallel to e is denoted by N (e). It is far from true that parallelism generally is an equivalence
relation, although in the case of bipartite graphs this relation is reflexive and symmetric. In [1–4], one of the present
authors (ARA) computed the PI index of some nanotubes and nanotori using elementary properties of parallelism.
It is useful to mention that PI is a Szeged-like topological index. On the other hand, Szeged and Wiener indices
of trees are the same. So, there are some differences among and also similarities of PI, Szeged and Wiener indices,
which are quoted here. The PI index is the unique topological index related to parallelism of edges, but the Wiener
index is the most important topological index related to distances between vertices. The PI index is very simple to
calculate and has disseminating power similar to that of the Wiener and Szeged indices. Khadikar and Karmarkar [18]
investigated the chemical applications of the PI index. They showed that the proposed PI index correlates highly with
W and Sz as well as with the physicochemical properties and biological activities of a large number of diverse and
complex compounds. We encourage the readers to consult papers [1–4,6,7,13–18] for further studies on mathematical
properties of the PI index and its applications in chemistry and nanoscience.
The Cartesian product G × H of graphs G and H has the vertex set V (G × H) = V (G)× V (H) and (a, x)(b, y)
is an edge of G × H if a = b and xy ∈ E(H), or ab ∈ E(G) and x = y. It is useful to note that there are two other
form of notation, G + H [5] and GH [12], in the literature for the Cartesian product of graphs.
The Wiener index of Cartesian product graphs was studied in [11,21]. In [19], Klavzar, Rajapakse and Gutman
computed the Szeged index of Cartesian product graph. Here we continue this progress to compute the PI index of
Cartesian product graphs. We prove that:
Theorem. Let G1,G2, . . . ,Gn be bipartite connected graphs. Then we have
PI(G1 × G2 × · · · × Gn) =
n∑
i=1
PI(Gi )
n∏
j=1, j 6=i
|V (Gi )|2
+
n∑
i=1
{
|E(Gi )||V (Gi )|
n∑
j=1, j 6=i
|E(G j )||V (G j )|
n∏
k=1,k 6=i, j
|V (Gk)|2
}
.
In particular, PI(Gn) = n|V (G)|2(n−1)PI(G)+ n(n − 1)|E(G)|2|V (G)|2(n−1), for a connected graph G and positive
integer n.
Throughout this work, we only consider connected graphs. Our notation is standard and taken mainly from [8,12,
20].
2. Proof of theorem
In this section, we prove the main result of this work. In the following lemma, we state some well-known properties
of Cartesian product graphs. We encourage the reader to consult the book of Imrich and Klavzar [12], for more details.
Lemma 1. Let G and H be graphs. Then we have:
(a) |V (G × H)| = |V (G)| · |V (H)| and |E(G × H)| = |E(G)| · |V (H)| + |V (G)| · |E(H)|,
(b) G × H is connected if and only if G and H are connected,
(c) if (a, x) and (b, y) are vertices of G × H then dG×H ((a, x), (b, y)) = dG(a, b)+ dH (x, y),
(d) the Cartesian product is associative.
We recall that for a graph G and e ∈ E(G), N (e) = |E | − (neu(e|G)+ nev(e|G)).
Lemma 2. Suppose (a, x), (b, y) are adjacent vertices of G × H, where G and H are bipartite graphs. Then
NG×H ((a, x), (b, y)) =
{|V (G)|2N ( f ) a = b and xy = f ∈ E(H)
|V (H)|2N (g) x = y and ab = g ∈ E(G).
Proof. The proof is straightforward by Lemma 1. 
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Theorem 1. Suppose G and H are bipartite connected graphs. Then
PI(G × H) = PI(G)|V (G)|2 + |V (H)|2PI(G)+ 2|E(G)||V (G)||E(H)||V (H)|.
Proof. By Lemmas 1 and 2 and the definition of the PI index of a graph, we have
PI(G × H) = |E(G × H)|2 −
∑
e∈E(G×H)
N (e)
= (|E(G)| · |V (H)| + |E(H)| · |V (G)|)2 −
∑
f ∈E(H)
|V (G)|2N ( f )
−
∑
g∈E(G)
|V (H)|2N (g) = |V (G)|2PI(H)+ |V (H)|2PI(G)+ 2|E(G)||V (G)||E(H)||V (H)|,
which completes the proof. 
Lemma 3. Let Gi , 1 ≤ i ≤ n, be connected graphs. Then |E(G1 × G2 × · · · × Gn)| =∑n
i=1 |E(Gi )|
∏n
j=1, j 6=i |V (G j )|.
Proof. Apply Lemma 1 and an inductive argument. 
We are now ready to prove our main result. We have:
Theorem 2. Let G1,G2, . . . ,Gn be bipartite connected graphs. Then we have
PI(G1 × G2 × · · · × Gn) =
n∑
i=1
PI(Gi )
n∏
j=1, j 6=i
|V (Gi )|2
+
n∑
i=1
{
|E(Gi )||V (Gi )|
n∑
j=1, j 6=i
|E(G j )||V (G j )|
n∏
k=1,k 6=i, j
|V (Gk)|2
}
.
In particular, PI(Gn) = n|V (G)|2(n−1)PI(G)+n(n−1)|E(G)|2|V (G)|2(n−1), for a bipartite connected graph G and
positive integer n.
Proof. Use induction on n. By Theorem 1, the result is valid for n = 2. Let n ≥ 3 and assume the theorem holds for
n. Set G = G1 × · · · × Gn . Then we have
PI(G1 × · · · × Gn+1) = PI(G × Gn+1)
= PI(G)|V (Gn+1)|2 + PI(Gn+1)|V (G)|2 + 2|E(G)||V (G)||E(Gn+1)||V (Gn+1)|
= |V (Gn+1)|2
n∑
i=1
{
|E(Gi )||V (Gi )|
n∑
j=1, j 6=i
|E(G j )||V (G j )|
×
n∏
k=1,k 6=i, j
|V (Gk)|2
}
+ |V (Gn+1)|2
n∑
i=1
PI(Gi )
n∏
j=1
|V (G j )|2
+PI(Gn+1)
n∏
i=1
|V (Gi )|2
+ 2
n∑
i=1
|E(Gi )||V (Gi )|
n∏
j=1, j 6=i
|V (G j )|2|V (Gn+1)||E(Gn+1)|
=
n∑
i=1
PI(Gi )
n+1∏
j=1, j 6=i
|V (G j )|2 + PI(Gn+1)
n∏
i=1
|V (Gi )|2
+
n∑
i=1
|E(Gi )||V (Gi )|
n∑
j=1, j 6=i
|E(G j )||V (G j )|
n+1∏
k=1,k 6=i, j
|V (Gk)|2
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+ 2
n∑
i=1
|E(Gi )||V (Gi )||E(Gn+1)||V (Gn+1)|
n∏
j=1, j 6=i
|V (G j )|2
=
n+1∑
i=1
|E(Gi )||V (Gi )|
(
n+1∑
j=1, j 6=i
|E(G j )||V (G j )|
n+1∏
k=1,k 6=i, j
|V (Gk)|2
)
+
n+1∑
i=1
PI(Gi )
n+1∏
j=1, j 6=i
|V (G j )|2.
If we put Gi = G, 1 ≤ i ≤ n, then we have PI(Gn) = n|V (G)|2(n−1)PI(G) + n(n − 1)|E(G)|2|V (G)|2(n−1). This
completes the proof. 
Example 1. Suppose Qn denotes a hypercube of dimension n. Then by Theorem 2, PI(Qn) = PI(K n2 ) = n(n −
1)2(2[n−1]).
Example 2. Consider C4 nanotubes and nanotori R and S, respectively. Then R = Pn × Cm and S = Ck × Cm ,
where m, k are even, Pn is a path of length n and Cn is an n-cycle. It is easy to see that PI(Pn) = (n − 1)(n − 2) and
PI(Cn) =
{
n(n − 2) 2 | n
n(n − 1) 2 - n . By Theorem 1, we calculate that
PI(R) = 4m2n2 − 5m2n + 2m2 − 2mn2.
PI(S) =
{
4m2k2 − 2k2m − 2m2k 2 | k
4m2k2 − 2k2m − m2k 2 - k.
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